INTRODUCTION
Let E be an (algebraic) ample vector bundle of rank r on a complex projective smooth surface S and let detE = ArE (ampleness has to be intended as in [Hal] ). The sectional genus of E is defined by the adjunction formula 2g(S, det E) -2 = cl (E) * (cl (E) + Ks), where Ks is the canonical bundle of S, and satisfies g(S, detE) > 0. Recent papers [Fl, BLL] focused the interest on the classification of ample vector bundles with low sectional genera. Assume that E is ample and spanned, i.e., the locally free sheaf &s(E) is generated at every point by global sections; then det E is an ample and spanned line bundle, hence the linear system I det EI contains a smooth curve, whose geometric genus is g(S, det E) . Thus we have the obvious inequality g(S, det E) > q(S) (= h' (Is)) resulting, e.g., from the Lefschetz theorem (see [So] ). This inequality can be considerably improved, at least when S is a ruled surface. In fact the aim of this paper is to prove the following (0. 1) Theorem. Let E be an ample and spanned rank-r vector bundle (r > 2) on a complex projective smooth surface S. Then To point out a corollary on the sectional genus of some special polarized manifolds, let us recall the following definition. A pair (P, H) consisting of a complex projective manifold P and an ample line bundle H E Pic(P) is said to be a scroll (in the classical sense) over S if P is a pr-I-bundle over S and H induces 6p.-I (1)) on every fiber. Let p: P -* S be the bundle projection and set E = p*H. Then E is a rank-r vector bundle on S, whose tautological line bundle H(E) on P is exactly H. Therefore E is ample since H is ample. Moreover, since S is a surface, we have g(P, H) = g(S, detE) [Fl, (1.2)]. Thus (0.1)(a) gives (0.2) Corollary. Let (P, H) be a scroll over a smooth surface S, the polarizing line bundle H being ample and spanned. Then g(P, H) > max{q(S), 2,-rX(S) equality implying that (P, H) (p2 x P', &p2xp,(l, 1)).
Similar characterizations can be deduced from (0.1) (b).
PRELIMINARY LEMMAS
We use the standard notation in algebraic geometry. Following current abuses we do not distinguish between line bundles and invertible sheaves and use the additive notation for the tensor product of line bundles. The symbol _ will stand for numerical equivalence. We denote by ct(E) the Chern polynomial of E. This section is devoted to some lemmas we need to prove (0.1) . 
FURTHER REMARKS AND COMMENTS
Looking over the proof of Theorem (0.1)(a) we see that the spannedness assumption is used three times: a first time for the need of Lemma (1.2), a second time to have h0(det E) > 3, and a third time for the Riemann-Hurwitz argument. Actually we do not always need the spannedness of E but simply the facts that I det EI is at least a pencil in the second case and that I det EI contains a smooth curve in the third one. In fact the last assumption is exactly what we need in the proof of the inequality in Theorem (0.1) (a). We do not know whether the lower bound max{q(S), 2 -rX(6s)} continues to hold if E is simply assumed to be an ample vector bundle. However the spannedness assumption is crucial for Lemma (1.2), as the following example shows. The inequality in (0.1) was suggested by the following inequality holding for decomposable vector bundles.
